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Abstract
In this paper we obtain new characterizations of weakly unconditionally Cauchy series and uncondition-
ally convergent series through Cesàro summability. We study new spaces associated to a series in a Banach
space; as a consequence, new characterizations of complete and barrelled normed spaces are proved.
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1. Introduction
Let X be a normed space. For any given series
∑
i xi in X, let us consider the set S(
∑
i xi)
(respectively Sw(
∑
i xi)) of sequences (ai)i ∈ l∞ such that
∑
i aixi converges (respectively con-
verges for the weak topology). The set S(∑i xi) (respectively Sw(∑i xi)), endowed with the
sup norm, will be called the space of convergence (respectively weak convergence) associated
to the series
∑
i xi . The space X is complete if and only if for every weakly unconditionally
Cauchy (wuc) series ∑i xi in X the space S(∑i xi) is complete [7]. This result remains valid if
the space S(
∑
i xi) is replaced by Sw(
∑
i xi) [7]. Let us observe that these characterizations of
the completeness of a normed space X using the spaces of convergence (and weak convergence)
associated to weakly unconditionally Cauchy series (wuc, [3,4,6]) in X. Furthermore, a normed
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∑
i x
∗
i in X
∗ such that Sw∗(
∑
i x
∗
i ) = l∞ (i.e., its
space of weak∗ convergence is l∞) is wuc [7].
In this paper we extend these results to the model of Cesàro-convergence. If
∑
i xi is
a series in a topological vector space X, then the series is Cesàro-convergent to x0 [5] if
limn 1n (S1 + · · · + Sn) = x0, where Sn =
∑n
i=1 xi for n ∈ N. In this case we will write
C-
∑
i xi = x0. It is clear that if
∑
i xi = x0 then C-
∑
i xi = x0.
Section 2 (respectively 3 and 4) deals with spaces of Cesàro-convergence (respectively weak
Cesàro-convergence and weak∗ Cesàro-convergence). It is shown that a series in a Banach space
is wuc if and only if its space of Cesàro-convergence (or weak Cesàro-convergence) is complete.
Furthermore, if this equivalence is true for each series in a normed space X, then X must be a
Banach space. In this way, we obtain new characterizations of completeness of a normed space
through the properties of the space of Cesàro-convergence (or weak Cesàro-convergence) asso-
ciated to weak series. We also prove a characterization of barrelledness (see Section 4), which is
similar to the aforementioned one, but we consider the weak∗ Cesàro-convergence instead of the
weak∗ convergence.
In the last section of this paper we obtain two new versions of the classical Orlicz–Pettis the-
orem by using the Cesàro-sums of subseries in the weak topology. Recently [9–12], etc.) some
theorems of Orlicz–Pettis type have been obtained. Many of them use supremum properties of
natural families (i.e., a subfamily of P(N) which contains the finite subsets). Swartz [9] proved a
generalization of the Orlicz–Pettis theorem dealing with FQ σ -families (see Section 5). Also Wu
Junde and Lu Shijie [12] obtained an interesting improvement in the framework of topological
vector spaces. They used the signed-weak gliding hump property (S-WGHP), which can be trans-
lated to families of P(N) as a supremum property, similar to property FQ. This generalization
considers a dual pair [X,Y ] and replaces the subseries-σ(X,Y ) convergence (or, equivalently,
the m0-multiplier-σ(X,Y ) convergence, where m0 is the scalar-valued sequence space which
satisfies that for each (ti)i ∈ m0 the set {ti : i ∈N} is finite) by the λ-multiplier-σ(X,Y ) conver-
gence, where λ is a scalar-valued sequences space which has the S-WGHP and contains c00. Wu
Junde and Lu Shijie prove that these assumptions imply the λ-multiplier-τ(X,Y ) convergence
for a series, where τ(X,Y ) is the Mackey topology.
It is also interesting the improvement that the same authors have proved for Abelian topolog-
ical groups [11].
Also, the separation properties of natural families (see the definition of property S1 in Sec-
tion 5) have led to new theorems of Orlicz–Pettis type [2].
By considering natural families with the property S1 and FQ σ -families, we extend these
results to Cesàro summability.
2. The space of Cesàro-convergence
Let
∑
i xi be a series in a Banach space X and let
SC
(∑
i
xi
)
=
{
(ai)i ∈ l∞:
∑
i
aixi is Cesàro-convergent
}
,
endowed with the sup norm. This space will be called the space of Cesàro-convergence asso-
ciated to the series
∑
i xi . The following theorem characterizes the completeness of the space
SC(
∑
i xi).
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(1) ∑i xi is a weakly unconditionally Cauchy series (wuc).
(2) SC(
∑
i xi) is a complete space.
(3) c0 ⊆ SC.
Proof. (1) ⇒ (2). Let ∑i xi be a wuc series and let
H = sup
{∥∥∥∥∥
n∑
i=1
aixi
∥∥∥∥∥: |ai | 1, 1 i  n, n ∈N
}
.
Let (an)n be a sequence in SC(
∑
i xi) with limn an =a0 in l∞. We will prove that a0 ∈ SC(
∑
i xi).
For any m ∈ N and k ∈ N, let Smk be the kth partial sum Smk =
∑k
i=1 ami xi and, similarly,
let S0k =
∑k
i=1 a0i xi . It is sufficient to prove that (
1
n
∑n
i=1 S0i )n is a Cauchy sequence.
Let m0 ∈N be such that ‖a0 − am0‖ < ε5H and let n0 be such that∥∥∥∥∥ 1p
p∑
i=1
S
m0
i −
1
q
q∑
i=1
S
m0
i
∥∥∥∥∥< ε5
for p,q ∈N, p > q  n0. It is clear that∥∥∥∥∥ 1p
p∑
i=1
S0i −
1
q
q∑
i=1
S0i
∥∥∥∥∥
∥∥∥∥∥ 1p
p∑
i=1
(
S0i − Sm0i
)∥∥∥∥∥+
∥∥∥∥∥ 1q
q∑
i=1
(
S0i − Sm0i
)∥∥∥∥∥
+
∥∥∥∥∥ 1p
p∑
i=1
S
m0
i −
1
q
q∑
i=1
S
m0
i
∥∥∥∥∥,
and that, for j ∈N,∥∥∥∥∥
j∑
i=1
5H
ε
(
a0i − am0i
)
xi
∥∥∥∥∥H.
Hence,∥∥S0j − Sm0j ∥∥=
∥∥∥∥∥
j∑
i=1
(
a0i − am0i
)
xi
∥∥∥∥∥ ε5 .
Now, it is easy to check that ( 1
n
∑n
i=1 S0i )n is a Cauchy sequence.
It is obvious that (2) ⇒ (3). Let us prove that (3) ⇒ (1). If the series is not wuc, let f ∈ X∗
be such that
∑
i |f (xi)| = ∞.
Inductively, we will construct a sequence (αi)i ∈ c0 such that ∑i αif (xi) = ∞ and
αif (xi) 0; then, C-
∑
i αif (xi) = ∞, which is a contradiction.
Let m1 be such that
∑m1
i=1 |f (xi)| > 2 · 2. We define αi = 12 if f (xi)  0 and αi = − 12
if f (xi) < 0 for i ∈ {1,2, . . . ,m1}. It is clear that ∑m1i=1 αif (xi) > 2 and αif (xi)  0
for i ∈ {1,2, . . . ,m1}.
Let m2 > m1 be such that
∑m2
i=m1+1 |f (xi)| > 22 · 22. We define αi = 122 if f (xi)  0
and αi = − 122 if f (xi) < 0 for i ∈ {m1 + 1, . . . ,m2}. Similarly, it can be deduced that∑m2
i=m1+1 αif (xi) > 2
2 and αif (xi) 0 for i ∈ {m1 + 1, . . . ,m2}.
Now, it is easy to conclude the inductive argument to obtain the sequence (αi)i with the
properties given above. This completes the proof. 
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Let
∑
i xi be a series in a normed space X and let
S
(∑
i
xi
)
=
{
(ai)i ∈ l∞:
∑
i
aixi converges
}
,
endowed with the sup norm. It is obvious that S(
∑
i xi) is a subspace of l∞ and S(
∑
i xi) ⊆
SC(
∑
i xi). If X is a Banach space, then
∑
i xi is wuc if and only if S(
∑
i xi) is complete [7].
Theorem 2.1 gives us a similar characterization by considering Cesàro-convergence.
Theorem 2.1 and Remark 2.2 allow us to obtain the following theorem.
Corollary 2.3. Let X be a Banach space and let
∑
i xi be a series in X. The following properties
are equivalent:
(1) ∑i xi is wuc.
(2) S(∑i xi) is a complete space.
(3) c0 ⊆ S(∑i xi).
(4) SC(
∑
i xi) is a complete space.
(5) c0 ⊆ SC(∑i xi).
(6) ∑ |f (xi)| is Cesàro-convergent for every f ∈ X∗.
Proof. The equivalence of properties (1), (2) and (3) can be found in [7]. The remaining equiv-
alences are consequence of Theorem 2.1. 
Remark 2.4. Let X be a normed space and let
∑
i xi be a series in X. Let us consider the
following two spaces:
SC
(∑
i
xi
)
=
{
(ai)i ∈ l∞:
∑
i
aixi is a Cauchy series
}
,
SCC
(∑
i
xi
)
=
{
(ai)i ∈ l∞:
∑
i
aixi is a Cesàro Cauchy series
}
.
From the discussion given above, it can be deduced that
(A) ∑i xi is wuc ⇔ SC(∑i xi) is complete ⇔ c0 ⊆ SC(∑i xi).
(B) ∑i xi is wuc ⇔ SCC(∑i xi) is complete ⇔ c0 ⊆ SCC(∑i xi).
The following theorem characterizes the completeness of a normed space using the space
SC(
∑
i xi).
Theorem 2.5. Let X be a normed space. X is a Banach space if and only if SC(
∑
i xi) is complete
for any wuc series ∑i xi .
Proof. By Theorem 2.1, the condition is necessary. Conversely, if X is not a complete space, let∑
i xi be a series in X such that ‖xi‖ < 1i2i , for i ∈N, and
∑
i xi = x∗∗ ∈ X∗∗ \X. It is clear that
C-
∑
i xi = x∗∗.
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∑
i zi be the series defined by z2i−1 = ixi and z2i = −ixi , for i ∈ N. Clearly
∑
i zi is
wuc. Let us consider the sequence (ai)i ∈ c0 defined by a2i−1 = 12i and a2i = −12i , for i ∈N. We
have C-
∑
i aizi ∈ X∗∗ \X and so SC(
∑
i zi) is not a complete space. 
A series
∑
i xi in a normed space X is wuc if and only if the map T :S(
∑
i xi) → X defined
by T ((ai)i) =∑i aixi is continuous [1]. We now give a similar characterization of wuc series.
Theorem 2.6. Let
∑
i xi be a series in a normed space X. The series
∑
i xi is wuc if and only if
the map T :SC(
∑
i xi) → X defined by T ((ai)i) = C-
∑
i aixi is continuous.
Proof. If the map T is continuous, we prove
∑
i xi is a wuc series. Since c00 ⊆ SC(
∑
i xi) and
T is continuous, we have that
sup
{∥∥∥∥∥
n∑
i=1
aixi
∥∥∥∥∥: n ∈Ny|ai | 1
}
 ‖T ‖.
Hence
∑
i xi is a wuc series.
Conversely, let
H = sup
{∥∥∥∥∥
n∑
i=1
aixi
∥∥∥∥∥: n ∈Ny|ai | 1
}
and let (ai)i ∈ BSC(∑i xi ). Write Sj =
∑
ij aixi for j ∈N. It is clear that∥∥∥∥∥1n
n∑
i=1
Si
∥∥∥∥∥=
∥∥∥∥∥1n
n∑
i=1
(n − i + 1)aixi
∥∥∥∥∥H
for n ∈N. Therefore, T is continuous. 
3. The space of weak Cesàro-convergence
We now consider the space of weak Cesàro-convergence associated to a series
∑
i xi in a
normed space X:
SwC
(∑
i
xi
)
=
{
(ai)i ∈ l∞:
∑
i
aixi is w-Cesàro-convergent
}
,
endowed with the sup norm.
Theorem 3.1. Let
∑
i xi be a series in the Banach space X. The following statements are equiv-
alent:
(1) ∑i xi is wuc.
(2) SwC(
∑
i xi) is a complete space.
(3) c0 ⊆ SwC(∑i xi).
Proof. (1) ⇒ (2). Let ∑i xi be a wuc series and let
H = sup
{∥∥∥∥∥
n∑
aixi
∥∥∥∥∥: n ∈Ny|ai | 1
}
.i=1
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∑
i xi) with limk ak = a0 in l∞. We prove that a0 ∈ SwC(
∑
i xi).
Define zk = wC-∑i aki xi , where ak = (aki )i and k ∈N.
Let us check that (zk)k is a Cauchy sequence. Let ε > 0 and let k0 ∈ N be such that
‖ak − a0‖ < ε5H for k  k0. Let us suppose p,q ∈ N satisfy p,q  k0 and f0 ∈ SX∗ is such
that ‖zp − zq‖ = f0(zp − zq) = C-∑i (api − aqi )f0(xi). We can assume that ‖ap − aq‖ 
= 0
(if there exists a constant subsequence of (ak)k then a0 ∈ SwC(∑i xi)), and it is obvious that
1
‖ap − aq‖
∥∥∥∥∥ 1m
m∑
i=1
(m − i + 1)(api − aqi )xi
∥∥∥∥∥H
for m ∈N. Therefore ‖zp − zq‖ < 2ε5 for p,q  k0. This proves that (zk)k is a Cauchy sequence.
Let z0 = limk zk . We prove that z0 = wC-∑i a0i xi . Consider k ∈ N with ‖zk − z0‖ < ε5 and
‖ak − a0‖ < ε5H . Let f ∈ BX∗ and m1 ∈N be such that∥∥∥∥∥ 1m
m∑
i=1
(m − i + 1)aki f (xi)− f (zk)
∥∥∥∥∥< ε5
for mm1. Then∥∥∥∥∥ 1m
m∑
i=1
(
(m − i + 1)a0i f (xi)
)− f (z0)
∥∥∥∥∥

∥∥∥∥∥ 1m
m∑
i=1
(m − i + 1)(a0i − aki )f (xi)
∥∥∥∥∥+
∥∥∥∥∥ 1m
m∑
i=1
(
(m − i + 1)aki f (xi)
)− f (zk)
∥∥∥∥∥
+ ∥∥f (zk) − f (z0)∥∥< 3ε5
for mm1.
It is obvious that (2) ⇒ (3). An analysis similar to that in the proof of (3) ⇒ (1) in Theo-
rem 2.1 shows that (3) ⇒ (1). 
We now consider the space SwC(
∑
i xi) and obtain a characterization similar to the one in
Theorem 2.5.
Theorem 3.2. A normed space X is a Banach space if and only if SwC(
∑
i xi) is complete for
any wuc series
∑
i xi in X.
Proof. The proof is similar to the one in Theorem 2.5: in the notation of this proof, we only need
to observe that (ai)i /∈ SwC(∑i zi) because C-∑i aif (zi) = x∗∗(f ). 
Remark 3.3. The space of weak convergence.
Let
∑
i xi be a series in a normed space X and let
Sw
(∑
i
xi
)
=
{
(ai)i ∈ l∞:
∑
i
aixi is w convergent
}
,
endowed with the sup norm. It is clear that Sw(
∑
i xi) ⊆ SwC(
∑
i xi). As in the previous section,
Theorems 3.1 and 3.2 have been obtained using the spaces Sw(
∑
i xi) instead of SwC(
∑
i xi) [7].
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In this section we study the convergence spaces associated to a series in the dual space
(X∗, σ (X∗,X)).
Let X be a normed space and let
∑
i fi be a series in X∗. Let us consider
Sw∗C
(∑
i
fi
)
=
{
(ai)i ∈ l∞:
∑
i
aifi is w∗-Cesàro-convergent
}
,
endowed with the sup norm. This space will be called the space of weak∗ Cesàro-convergence
associated to the series
∑
i fi .
As in the previous sections, we can consider the space of weak∗ convergence
Sw∗
(∑
i
fi
)
=
{
(ai)i ∈ l∞:
∑
i
aifi is w∗ convergent
}
.
It is clear that
Sw∗
(∑
i
fi
)
⊂ Sw∗C
(∑
i
fi
)
.
The following theorem is similar to [7, Theorem 4.1] but we consider the space Sw∗C(
∑
i fi).
Theorem 4.1. Let X be a normed space and let
∑
i fi be a series in X∗. Let us consider the
following statements:
(1) ∑i fi is wuc.
(2) Sw∗C(
∑
i fi) = l∞.
(3) If x ∈ X and M ⊆N, then ∑i∈M fi(x) is Cesàro-convergent.
Then (1) ⇒ (2) ⇒ (3). The space X is a barrelled space if and only if (3) ⇒ (1).
Proof. (1) ⇒ (2). If (ai)i ∈ l∞, then the series ∑i aifi is w∗ convergent in X∗. Therefore the
w∗-Cesàro sum
∑
i aifi exists.
It is easy to check that (2) ⇒ (3).
We now prove the last statement. Let us suppose that X is a barrelled normed space. Define
E =
{
n∑
i=1
aifi : n ∈N and |ai | 1
}
.
In order to prove (3) ⇒ (1), it is sufficient to show that E is pointwise bounded. On the contrary,
let us suppose that there exists x0 ∈ X such that the series ∑i |fi(x0)| diverges. Write M ={i ∈ N: fi(x0)  0} and R = {i ∈ N: fi(x0) < 0}. With this notation, either ∑i∈M fi(x0) or∑
i∈R(−fi)(x0) is divergent, which contradicts (3).
Assume that statements (1) and (3) are equivalent for a normed space X. Next we prove that
X is a barrelled space. Suppose, contrary to our claim, that there exists a pointwise bounded
set M ⊆ X∗ which is not bounded. Let fi ∈ M be such that ‖fi‖ > 2i · 2i for i ∈ N. Define
gi = 12i fi for i ∈ N, it is obvious that the series
∑
i gi satisfies (3) and also ‖gi‖ > 2i , which is
impossible. 
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Theorem 5.1. Let X be a Banach space. A series
∑
i xi in X is unconditionally convergent (uco)
if and only if ∑i xi is subseries weakly Cesàro-convergent.
Proof. It is clear that every unconditionally convergent series is subseries weakly Cesàro-
convergent.
Conversely, let
∑
i xi be a series in X such that
∑
i∈M xi is weakly Cesàro-convergent for
every M ⊆ N. We first prove that ∑i∈M εixi is a weakly Cesàro-convergent series for every
M ⊆ N and every sequence (εi)i in {−1,1}. Define αi = 1 if εi = 1 and αi = 0 if εi 
= 1
for i ∈ M . Let βi = −1 if εi = −1 and βi = 0 if εi 
= −1 for i ∈N.
It is obvious that wC-
∑
i∈M εixi = wC-
∑
i∈M αixi + wC-
∑
i∈M βixi and so
∑
i∈M εixi is
weakly Cesàro-convergent.
Let us prove that
∑
i xi is wuc. On the contrary, consider f ∈ X∗ with
∑
i |f (xi)| = ∞ and
let εi = 1 if f (xi) 0 and εi = −1 if f (xi) < 0 for i ∈N. It is clear that∑i εif (xi) = ∞, which
is a contradiction.
We are now in a position to show
∑
i xi is subseries weakly convergent. Let M ⊆ N and let
x0 = wC-∑i∈M xi . Since ∑i xi is wuc, the series ∑i∈M f (xi) is convergent for f ∈ X∗ and
f (x0) = C-∑i∈M f (xi). Hence x0 = w-∑i∈M xi . The classical Orlicz–Pettis theorem allows us
to conclude the proof. 
From the previous result we can easily conclude the following one.
Corollary 5.2. Let
∑
i xi be a series in the Banach space X. The following statements are equiv-
alent:
(1) ∑i xi is uco.
(2) SC(
∑
i xi) = l∞.
(3) SwC(
∑
i xi) = l∞.
Definition 5.3. Let F be a natural family and let φ0(N) be the family of finite subsets of N. It is
said that F is an FQ σ -family [8] if for every sequence (Ai)i of mutually disjoint sets in φ0(N)
there exists an infinite set M ⊆N such that A =⋃i∈M Ai ∈F .
Definition 5.4. Let F be a natural family. A series ∑i xi in a normed space X is F -convergent
(respectively F -weakly convergent) if ∑i∈A xi is convergent (respectively weakly convergent)
for every A ∈F [2].
Let F be an FQ σ -family. Swartz [9] proved that each F -convergent series in a Banach space
is uco. We next extend this result to Cesàro-convergence.
Theorem 5.5. A series
∑
i xi in the Banach space X is uco if and only if there exists an FQ
σ -family F such that ∑i∈A xi is w-Cesàro-convergent for every A ∈F .
Proof. Let
∑
i xi be a series such that there exists wC-
∑
i∈A xi for every A ∈ F , where F
denotes an FQ σ -family. As in the proof of Theorem 5.1, it is sufficient to show that ∑i xi is
wuc (let us observe that every F -weakly convergent series is uco).
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∑
i xi is not wuc, there exists f ∈ X∗ with
∑
i |f (xi)| = +∞. With the notation P ={i: f (xi)  0} and Q = {i: f (xi) < 0}, we can assume that ∑i∈P f (xi) = +∞. We can in-
ductively construct a disjoint sequence (An)n in φ0(N) ∩ P such that sup An < infAn+1 and∑
i∈An f (xi) > n for each n ∈N.
Consider M ⊆ N with A =⋃n∈M An ∈ F . It is clear that ∑i∈A f (xi) = +∞, which contra-
dicts
∑
i∈A f (xi) is Cesàro-convergent. 
We now introduce a separation property which has allowed us to improve the mentioned
Swartz’s result concerning FQ σ -families [2].
Definition 5.6. It is said that a natural family F has property S1 [2] if for every pair [(Ai)i , (Bi)i]
of disjoint sequences of mutually disjoint sets in φ0(N) there exist an infinite set M ⊆ N and
B ∈F such that Ai ⊆ B and Bi ⊆ BC for i ∈ M .
It is obvious that each FQ σ -family has the property S1. However there exists natural families
with property S1 which are not FQ σ -families [2].
The following generalization of the Orlicz–Pettis theorem is proved in [2]. Let ∑i xi be a
series in a Banach space X and let F be a natural family with the property S1. Then,
∑
i xi is
uco if and only if
∑
i xi is F -weakly convergent.
The property S1 and the weak Cesàro-convergence allow us to characterize the unconditional
convergence of a series in a Banach space. An analysis similar to that in the proofs of Theo-
rems 5.1 and 5.5 shows the main step of this argument is to prove that each series
∑
i xi with∑
i∈A xi weakly Cesàro-convergent for A ∈F is wuc.
Lemma 5.7. Let X be a Banach space. A series
∑
i xi in X is wuc if and only if there exists
a natural family F with the property S1 such that the partial sums
∑
i∈A xi are bounded for
each A ∈F .
Proof. Let F be a natural family with the property S1 and let
∑
i xi be a series such that the
partial sums
∑
i∈A xi are bounded for each A ∈ F . The sequence (
∑
i∈A∩[1,n] xi)n is bounded
for each A ∈ F . Suppose, contrary to our claim, that the series ∑i xi is not wuc. There exists
f ∈ X∗ with∑i |f (xi)| = +∞. Let P = {i: f (xi) 0} and Q = {i: f (xi) < 0}. We can assume
that
∑
i∈P f (xi) = +∞. As in the proof of Theorem 5.1, let (An)n be a disjoint sequence in
φ0(N) ∩ P such that sup An < infAn+1 and ∑i∈An f (xi) > n for n ∈ N. Let pn = infAn, qn =
supAn and Bn = [pn, qn]\An for n ∈N. The pair of sequences [(An)n, (Bn)n] allow us to obtain
A ∈F and an infinite set M ⊆N such that An ⊆ A and Bn ⊆ AC for n ∈ M (see Definition 5.6).
Write Sj =∑i∈A, ij f (xi). It is clear that the sequence (Sqn − Spn−1)n is not bounded, which
contradicts our hypothesis. 
From the previous result we deduce the following characterization of unconditional conver-
gence.
Corollary 5.8. Let
∑
i xi be a series in a Banach space X. The following statements are equiva-
lent:
(1) ∑i xi is uco.
(2) There exists a natural family F with the property S1 such that the series
∑
i∈A xi is weakly
Cesàro-convergent and its partial sums are bounded for every A ∈F .
48 A. Aizpuru et al. / J. Math. Anal. Appl. 324 (2006) 39–48Let us observe that there exists Cesàro-convergent series such that the sequence of its partial
sums is not bounded.
Remark 5.9. Let
∑
i xi be a wuc series in a normed space X. It is clear that
∑
i aixi is wuc
for each (ai)i ∈ l∞. Therefore if (ai)i ∈ SC(∑i xi) then ∑i aixi is weakly Cauchy and Cesàro-
convergent, and so this series is weakly convergent. From this we have SC(
∑
i xi) ⊆ Sw(
∑
i xi),
but we do not know what conditions allow us to obtain the equality of both spaces.
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